The enhanced continualization approach proposed in this paper is aimed to overcome some drawbacks observed in the homogenization of beam lattices. To this end an enhanced homogenization technique is proposed and formulated to obtain consistent micropolar continuum models of the beam lattices and able to simulate with good approximation the boundary layer effects and the Floquet-Bloch spectrum of the Lagrangian model. The continualization technique here proposed is based on a transformation of the difference equation of motion of the discrete system via a proper down-scaling law into a pseudodifferential problem; a further McLaurin approximation is applied to obtain a higher order differential problem. The formulation is carried out for simple one-dimensional beam lattices that are, nevertheless, characterized by a rather wide variety of static and dynamic behaviors: the rod lattice, the beam lattice with node rotations and a 1D beam lattice model with generalized displacements. Higher order models may be obtained which are characterized by differential problems involving non-local inertia terms together with spatial high gradient terms. Moreover, the homogenized models obtained by the proposed enhanced continualization technique turn out to be energetically consistent and provide a good simulation of both the static response and of the acoustic spectrum of the original discrete models. The proposed homogenization procedure is first presented for the simple case of monoatomic axial chains. The beam lattice with node rotations and displacement prevented exhibits, in the static regime, decaying oscillations of the nodal rotation in the boundary layer which is well simulated by the homogenized model obtained by the proposed approach. Similar good results are obtained in the simulation of the optical spectrum. It is worth to note that in this case the homogenized model obtained via Padé approximation turns out to be energetically non-consistent. The analysis of the homogenized model derived from the beam lattice with transverse displacement and rotation of the nodes with elastic supports has shown that both the static and the dynamic response are strongly variable on the parameters of the Lagrangian model. Finally, several different cases have been considered and good simulations have been obtained both in describing the static response to prescribed displacements at the end nodes and in representing the Floquet-Bloch spectrum and the polarization vectors.
Introduction
Since Newton's theory of sound propagation, lattices have constituted a class of fundamental models in many scientific fields. In Mechanics, lattice models are applied to capture, at the relevant scales of observation, the phenomena related to the discreteness of the systems to be represented, from the propagation of dispersive elastic waves (see Brillouin, 1946) to the stiffness and strength of inhomogeneous materials (see Fleck et al., 2010) , just to mention a few. Although the simplicity of lattice models allows in many cases to obtain analytical results, however, their application to systems with complex geometry and large dimensions involves a very high number of degrees of freedom and precludes the synthetic description of the results. Therefore, many studies have long been focused on the formulation of equivalent continua able to simulate the static and dynamic response of lattice, including the influence of size effects. To this end, techniques for the continualization of the discrete equations of the lattice motion have been proposed, which consist in replacing the discrete equations of motion and the nodal displacements in the lattice with differential equations of motion in terms of a suitably displacement field defined on an equivalent domain.
Higher order continuum models have been formulated to simulate the dispersive wave propagation occurring in one-dimensional chains (Brillouin, 1946) , i.e. lattices with axial displacement of the nodes (see Askes et al., 2002) . These continuum models are derived through a continualization of the equations of motion of the Lagrangian model or equivalently of the energy functional, in which the difference of displacements of adjacent nodes is approximated by a truncated series of a macro-displacement field (Askes and Metrikine, 2005) . Despite the simplicity of the approach, the homogenized models based on this standard continualization present loss of positivity of the elastic potential energy density, imaginary frequencies in the elastic field, unbounded group velocities in the short-wave limit, just to mention the main drawbacks (Metrikine and Askes, 2002) .
In order to eliminate these pathologies several enhanced techniques have been proposed. The difference equations of motion of the Lagrangian model are transformed into a system of pseudo-differential equations which are approximated by the Padé approximant. As a consequence, non-local inertial terms, involving the spatial derivatives of the continuous acceleration field, are introduced indirectly in the continuum differential problem (Kevrekidis et al., 2002 , Rosenau, 2003 , Andrianov and Awrejcewicz, 2008 , Andrianov et al., 2012 , Challamel et al., 2016 . Alternatively, enhanced higher order models have been proposed relying on heuristic generalization of the down scaling law coupled with a perturbation method (Metrikine and Askes, 2002) or on the assumption that the PDE governing the dynamic behavior of the continuum model must be of the same order with respect to spatial coordinate and with respect to time (Metrikine, 2006) . Different continualization approaches based on asymptotic schemes have been proposed for lattices having visco-elastic ligaments or non-linear behavior (see Reda et al., 20016a, 2016b Reda et al., 20016a, , 2017b Reda et al., 20016a, , 2018 More complex is the case of periodic beam lattices, whose nodes can undergo translations and rotations, even with rotational inertia, and are connected by ligaments having axial and bending stiffness. This involves a complex dynamic behavior due to the coupling of translational and rotational modes, with the existence of both acoustic branches and optical branches in the Floquet-Bloch spectrum. Suiker et al., 2001 , analyzed several 2D beam lattices and derived the equations of motion of the homogenized equivalent medium through a standard continualization, while Gonella and Ruzzene, 2008, and Askes, 2012, addressed the case in which the rotational inertia is neglected. An improved homogenization technique based on a multi-field approach has been formulated by Vasiliev et al., 2008 Vasiliev et al., , 2010 Vasiliev et al., , 2014 , and applied to square lattices endowed of rotational inertia. A different micropolar continualization including visco-elastic effects has been proposed by Reda et al., 2016c Reda et al., , 2017a It is important to note that the continualization of the difference equations of periodic beam lattices with a second order Taylor approximation of the generalized displacement field implies a non-positive definite potential energy density of the equivalent continuum. This result, already obtained by Bažant and Christensen, 1972 , in developing a micropolar homogenization of large scale multistory framed structures, was taken up by Kumar and McDowell, 2004 , addressing the problem of the static micropolar homogenization of plane beam-lattices. In particular, the energy density associated with the micro-curvatures turns out to be non-positive definite, a result that is also confirmed on the basis of energy equivalence.
It is worth to note that other approaches based on a first order down-scaling law, in which the overall-elastic modules are obtained through the Hill-Mandel macro-homogeneity condition (see for example Pradel and Sab, 1998, Onck, 2002) , involve a positive definite elastic energy density and therefore would seem not affected by the loss of ellipticity of the governing equations (see Kumar and McDowell, 2004) . However, it has recently been shown by the authors (Bacigalupo and Gambarotta, 2017a ) that the micropolar model obtained by the second-order standard continualization shows, despite the limits mentioned above, a remarkable accuracy in simulating the acoustic behavior of beam lattices. In fact, this model is able to catch the decreasing of the optical branch observed in the Lagrangian model with increasing the wave vector from the long-wavelength limit, a feature that is qualitatively opposite to that shown from the micropolar model with positive definite elastic energy density related to the micro-curvatures. It is worth highlighting that similar results were obtained in micropolar modeling of periodic materials made up of rigid blocks connected by elastic interfaces (Bacigalupo and Gambarotta, 2017) , which provided some clarification about problems concerning waves propagation in periodic granular media (Merkel et al. al., 2011) .
These considerations emphasize the need for an enhanced homogenization technique to obtain thermodynamically consistent (in the sense of strong ellipticity) micropolar continuum models of the beam lattices able to simulate with good accuracy the boundary layer effects and Floquet-Bloch spectrum of the Lagrangian model, at least for long and medium wavelengths. In this paper an enhanced continualization technique is proposed that draws on the approach by Rosenau, 2003 , and is formulated for simple one-dimensional beam lattices that are, nevertheless, characterized by a rather wide variety of static and dynamic behaviors. The most noticeable aspect is the presence of higher order terms both in the constitutive and in the inertial terms of the differential equation of motion of the equivalent continuum, which are derived independently. The proposed homogenization procedure is first presented for the simple case of monoatomic axial chains (Section 2). The difference equation of motion of the reference mass is transformed, through a suitable down-scaling law regularized to the first order, into a pseudo-differential equation and the differential equation of motion of the continuum model is obtained by approximating the pseudo-differential operators up to the required order term of its Taylor series. The capability of the resulting higher order continuum models to approximate the Lagrangian one is evaluated both in the static and in the dynamic field. Moreover, comparisons with the results from the models based on the standard continualization and on the Padé approximation are shown.
The second simple typology here considered consists of a continuous beam with rotating nodal masses, with prevented transverse displacement, connected by elastic ligaments modeled as Euler-Bernoulli beams (Section 3). This system exhibits a characteristic static response when rotations are imposed at the end nodes of a beam of finite length, with a spatially decaying of the nodal rotations and a decreasing optical branch in the acoustic spectrum. Also in this case the results of the enhanced continuum are compared with those of the Lagrangian model and with those of the continuum models derived through the standard continualization and the Padé approximation.
Finally, a third discrete system of continuous beam is considered equipped with equally spaced nodal masses undergoing transverse displacements and rotations, and elastic supports located at the nodes. This model may represent different discrete systems including rectangular lattices undergoing 1D generalized displacement fields (Section 4.a) and waveguides with passive control of the acoustic response (Section 4.b). Also for these systems both the static response to prescribed displacements at the end nodes and the acoustic spectrum are compared with those of the Lagrangian system and with those obtained in the continuum models derived through the standard continualization and the Padé approximation.
The energetically consistent structure of the density of the elastic potential energy and of the kinetic energy of the continuous models derived with the proposed approach is discussed in detail, as well as the validity limits of the continuum models derived through the homogenization techniques considered. An extension of the proposed approach to 2D and 3D beam lattices will be presented by the Authors in a forthcoming paper.
1D rod lattice model
Let us consider a 1-D lattice made up of equally spaced nodes with mass m and connected through ligaments of length  with axial stiffness h (see Figure 1) . The axial force applied on the i-th node is denoted by i f and is the displacement. In terms of the non-
the equation of motion if the i-th node is written as 
When retaining the terms up to the second order, the classical equation of the elastic rod is
whose response to prescribed displacements at the rod ends is linear in agreement with the discrete model. However, it is well known that the wave propagation derived by equation (6) is non dispersive k I     , consequently this continuum model provides a frequency spectrum that agree with the discrete one only for the long wave-length limit . If a second order term is retained in expansion 
that is the Euler-Lagrange equation derived by assuming the following Lagrangian density
with not-positive-definite elastic potential density (see Challamel et al., 2016) . The wave propagation in model (7) is dispersive with dispersion function   2 2 2 2 4 4 7 7 1 1 1 24 11 1 1 12 52
As it is well known, the second gradient model turns out to be rather accurate in describing the dispersion function in the neighbor of the long-wave limit. Moreover, it must be emphasized that for 2 3 k   the dispersion equation (9) 
By introducing the shift operator previously defined, the derivatives of the continuum fields may be expressed as
from which one obtains the down-scaling law for the node translation in terms of the continuous field
see Appendix B for details.
By substituting equation (12) into the discrete equations of motion (1) and applying the shift operator, the pseudo-differential equation of motion of the equivalent continuum takes the form
where the pseudo-differential operators 
When retaining the terms up to the second order, the equation of motion of the equivalent continuum takes the form 2 2 2 2
corresponding, in the static range, to equation (6) 
In this case the dispersion function is 
It is worth to note that equation (17) 
with both the elastic potential density energy and the kinetic density energy positive definite.
It is worth to note that this approach allows to introduce non-local inertial terms from the series approximation of the inertial pseudo-differential operator. These terms do not depend on those deriving from the approximation of the pseudo-differential constitutive operator, unlike what happens in the approach based on the Padé approximant (see Section 3). A different continualization model in non-local integral continua is derived in Appendix C, which is based on two-sided Zeta transform applied to the discrete governing equation.
Continualization via Padé approximant
It is worth to note that nonlocal inertia terms may be obtained on the basis of Padé approximations (see for reference Kevrekidis et al., 2002, and Cuyt, 1980) . In this case the equation of motion is given in the form
and the homogenized continuum is characterized by positive definite elastic potential energy density and kinetic energy density; the dispersion function takes the form   2 2 4 4 5 5 2 2 1 1 24 38
Benchmark test for the continualization approaches 
the end nodes is carried out according to Kelley and Peterson, 2001 , and takes the form
This solution exhibits growing or decaying oscillation of the nodal rotations as an effect of the second term in (23) depending on and where the two constants depend on the boundary conditions as follows
where the dependence of the constants on the number of nodes n appears. Moreover, in comparison to the linear solution of the discrete problem of Section 2, the solution (23) presents an exponential type structure describing boundary layers.
The propagation of the rotational waves turns out to be dispersive and the dispersion function takes the form     2 2 4 4 6 6 2 cos 1 1 1 1 3 1 2 2 8 8
and represents an optical branch in the Bloch spectrum with periodicity .
2

Standard continualization
In developing a standard continualization, the function
is introduced to represent the rotational field in the equivalent continuum. Once introduced the shift operator,
with the nodal couple assumed as the resultant of a step-wise distribution i c c   . If the corresponding pseudo-differential operator is expanded in D in analogy with (5) and the terms up to the second order are retained, the differential equation of motion is obtained
The corresponding Lagrangian density function is
with non-positive-definite elastic energy density. When considering the static homogeneous problem with rotations prescribed at the end nodes, equation (27) takes the form of a 1D
Helmholtz equation whose solution is
characterized by an oscillating behaviour depending on the cell size and on the macroscopic structural size through the constants and (which differ from those in the solution
related to the Lagrangian model). The dispersion function is   2 2 2 2 4 4 6 6
with a critical point in the Bloch spectrum in the longwave limit, where the group velocity
and from where an optical branch departs.
Retaining a further term in the McLaurin expansion, the following higher order continuum model is obtained
to which a pathological Lagrangian density function is associated, with non-positive-definite elastic potential energy density 2 2 2 4 2 2 2 2
In this case the optical dispersion function is obtained   2 2 4 4 2 2 4 4 6 6
with the same critical point at the longwave limit.
Enhanced continualization via first order regularization approach
If the downscaling law to represent the rotation of the nodes in terms of a macro-
is assumed in analogy to the procedure presented in equations (10), (11) and (12), the equation of motion (22) takes the form of a pseudo-differential problem
The terms in the braces may be expanded into a 
to which the Lagrangian density function is associated 2 2 2 2 4 2 4 2 2 2 2 2 1 7 1 2 6 360 2 180
with both the elastic potential energy density and kinetic energy positive definite. 
Continualization via Padé approximant
Finally, if the Padé approximant of the l.h.s of the pseudo-differential equation (26) is considered, namely
the resulting differential equation of motion of the equivalent homogenized continuum takes the form
It is worth to note that the Lagrangian density function from which equation (40) 
Despite of the introduction of the Padé approximant, proposed in the literature to circumvent the loss of positive definiteness of the elastic potential energy density, in this case the goal is not achieved, unlike what is obtained with the proposed enhanced continualization (see equation (36)). As a consequence, also for this model an oscillating behavior with constant amplitude is obtained
while the dispersion function is 
The fourth order continuum model derived by a Padé approximation is given in Appendix D,
where it is shown that a non-positive-definite elastic potential energy density is obtained.
Benchmark tests for the continualization approaches
The capabilities of the proposed homogenization approach may be assessed by the simulation of the discrete system in both the static and the dynamic field. As a static case, let us consider a continuous beam made up of n=10 ligaments subjected to a prescribed rotation at the end left node with restrained rotation at the right one 
where the non-dimensional parameters are introduced 12
. The propagation of elastic waves along the 1D system is analyzed under the customary hypothesis of harmonic waves 
being an Hermitian matrix, a diagonal matrix and 
According to the procedure involving the shift operator presented in Sections 1 and 2, the system of pseudo-differential equation is obtained 
It is worth to note that both the elastic potential energy density and the kinetic energy density in the Lagrangian density function associated to (49) turn out to be positive definite 2 2 2 2 2 2 
Retaining fourth order terms in the McLaurin series, the system of differential equations of the equivalent homogenized continuum is obtained   
and the elastic potential energy density takes the positive definite form 
as well as the kinetic energy density 2 2 2 2 2 2 2 4 2 2 4 2 2 1 7 1 7 6 360 6 360
The plane wave propagation in the continuum models is characterized by the following eigenproblem 2 9 3 1 6 2 9 3 1 16 2 9 3 1 6 2 9 3 1 3
(see Kelley and Peterson, 2001) , and ,
. From the diagrams in Figure 8 it may be observed a very good accuracy between the generalized macro-displacement field components   x  and   x  and the nodal solutions ψ and of the Lagrangian model. Indeed, the homogenised models are able to describe with good accuracy the boundary layer effects occurring in the discrete model. It is worth noting that this accuracy tends to increase as the order of continualization increases. 
This accuracy tends to increase as the order of continualization increases.
b. Continuous periodic beam on elastic supports
The second system here considered concerns a continuous beam with elastic supports made up of beams pinned at the ends and having the same bending stiffness EJ and length as shown in Figure 12 . The lateral stiffness of the equivalent elastic spring is 
) and stiff supports ( 20
Although a good agreement is observed in the first case (see Figure 15) , excellent results are obtained in case of stiff supports (see Figure 18 ). Also for this case one may observe that increasing the continualization order, the dispersion functions of the derived enhanced continuum tend towards the actual corresponding branches. 
Conclusions
The enhanced continualization approach proposed in this paper is aimed to overcome some drawbacks observed in the homogenization of beam lattices. While higher order micropolar models obtained through the standard continualization of beam lattices may provide good simulations of the acoustic response, on the other hand they are characterized by a non-positive definite elastic potential energy density. Conversely, micropolar homogenization approaches of beam lattice discrete models based on a first order downscaling law coupled with an application of the macro-homogeneity condition appear not suitable to simulate the acoustic response of the lattice model. In the literature some attempts to circumvent such issues have been solved by the application of the Padé approximant to the pseudo-differential problem associated to the difference problem of the discrete model. Nevertheless, in this paper it has been shown that in some cases the approach based on the Padé approximant is unable to avoid non positive definiteness of the elastic potential of the homogenized continuum.
The approach here proposed, based on a transformation via a proper down-scaling law of the difference equation of motion of the discrete system into a pseudo-differential problem and a further McLaurin approximation to obtain a higher order differential problem, has been applied to some simple but significant 1D systems: the rod lattice, the beam lattice with node rotations and a 1D beam lattice model with generalized displacements. These systems present different static and dynamic characteristics. Nevertheless, the homogenized models obtained by the proposed enhanced continualization technique turn out to be energetically consistent and provide a good simulation of both the static response and of the acoustic spectrum of the original discrete models.
Higher order models may be obtained which are characterized by differential problems Maslov, 1976, and Shubin, 1987 where
